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THE YANG–BAXTER RELATION AND GAUGE INVARIANCE
RINAT KASHAEV
Dedicated to Professor Rodney Baxter on the occasion of his 75th birthday
Abstract. Starting from a quantum dilogarithm over a Pontryagin self-dual
LCA group A, we construct an operator solution of the Yang–Baxter equation
generalizing the solution of the Faddeev–Volkov model. Based on a specific
choice of a subgroup B ⊂ A and by using the Weil transformation, we also give
a new non-operator interpretation of the Yang–Baxter relation. That allows
us to construct a lattice QFT-model of IRF-type with gauge invariance under
independent B-translations of local ‘spin’ variables.
1. Introduction
The recent progress in the construction of new integrable models of lattice sta-
tistical physics and quantum field theory (QFT) is related with models where
local ‘spins’ take infinitely many values, and the Boltzmann weights of local in-
teractions are given in terms of highly transcendental special functions, see e.g.
[20, 3, 4, 7, 19, 6, 5, 18, 17, 16]. Some of those functions, particularly the one
known under the name ‘quantum dilogarithm’ [11], also find applications in quan-
tum topology, see e.g. [14, 13, 8, 15].
The notion of a quantum dilogarithm associated with an arbitrary Pontryagin
self-dual locally compact Abelian (LCA) group has been introduced in [2] in the
context of quantum topology. In this paper, we discuss this notion from the perspec-
tive of lattice integrable systems and the Yang–Baxter equation. The prototypical
example for the definition of [2] is Faddeev’s quantum dilogarithm Φb (x) which is
a meromorphic function on C defined by the formula
(1) Φb (x) =
(−qbe2πbx; q2b)∞(−q¯be2πb−1x; q¯2b)∞ , qb ≡ e
πib2, q¯b ≡ e−πib
−2
, Im(b2) > 0.
There are at least two integral representations, one given by Faddeev [10]
(2) Φb (x) = exp
(∫
R+iǫ
e−2ixz
4 sinh(zb) sinh(zb−1)
dz
z
)
and another by Woronowicz [22]
(3) Φb (x) = exp
(
i
2pi
∫
R
log
(
eb
2t+2πbx + 1
) dt
et + 1
)
,
which allow to analytically continue the function to real values of b. Properties of
Φb (x) include the inversion relation
(4) Φb (x) Φb (−x) = Φb (0)2 eπix
2
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and the operator five term relation [9]
(5) Φb (p)Φb (q) = Φb (q)Φb (p+ q) Φb (p)
where p and q are self-adjoint Heisenberg operators acting in the Hilbert space
L2(R) as differentiation and multiplication operators respectively,
(6) 〈x|p = 1
2pii
∂
∂x
〈x|, 〈x|q = x〈x|,
where we use Dirac’s bra-ket notation. In the case where the condition
(7) (1 − |b|) Im(b) = 0
is satisfied, one has the unitarity property
(8) |Φb (x) | = 1, ∀x ∈ R.
The generalization of Faddeev’s quantum dilogarithm to the general setting of
arbitrary self-dual LCA groups can be obtained by interpreting appropriately the
Heisenberg operators in (5), for example, the way it was done in [2]. Equivalently,
one can achieve that generalization by rewriting (5) in a form not containing the
differentiation operator p. To this end, we define a unitary Fourier transformation
operator F by the integral kernel (in Dirac’s bra-ket notation)
(9) 〈x|F|y〉 = e2πixy.
It is easily verified the operator equalities
(10) Fq = pF, eπiq
2
(p+ q) = peπiq
2
which imply that
(11) g(p) = Fg(q)F∗, g(p+ q) = e−πiq
2
g(p)eπiq
2
for any function g ∈ CR. These relations can be taken as definitions of their left
hand sides in any Hilbert space as soon as the operators F and g(q) are defined.
We follow this line of reasoning in Section 2 where the Hilbert space is L2(A) with
A being an arbitrary self-dual LCA group.
1.1. The Faddeev–Volkov weight function. The Faddeev–Volkov model, as
defined and studied in [3, 4], is characterized by a weight function of the form
(12) WFV (x, y) =
Φb (x− y)
Φb (x+ y)
e2πixy
which satisfies the operator Yang–Baxter relation
(13)
WFV (p, x)WFV (q, x+ y)WFV (p, y) =WFV (q, y)WFV (p, x+ y)WFV (q, x) .
In this paper, we generalize the Faddeev–Volkov model to the setting of arbitrary
self-dual LCA groups by using the generalized quantum dilogarithm function and
give a novel way of interpreting the corresponding Yang–Baxter relation in terms
of a lattice IRF-model of quantum field theory with gauge symmetry.
The paper is organized as follows. In Section 2, we recall the definition of a
quantum dilogarithm over a LCA group and prove the operator Yang–Baxter rela-
tion for the generalized Faddeev–Volkov weight function. In Section 3, we discuss
non-operator forms of the Yang–Baxter relation. Namely, we start by recalling the
star-triangle relation and then proceed to the main result of the paper: construction
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of an IRF weight function having quasi-invariance property. Section 4 is devoted
to examples of realization of the general construction.
2. Generalization to arbitrary self-dual LCA groups
Let T denote the complex circle group. For any LCA group A, we denote by Aˆ
its Pontryagin dual which is also a LCA group. When A is self-dual, we assume that
there exists an isomorphism f : A→ Aˆ such that there exists a function 〈·〉 : A→ T,
called Gaussian exponential, which is symmetric 〈x〉 = 〈−x〉 and trivializes the
group 2-cocycle f(x)(y), i.e.
(14) 〈x; y〉 ≡ f(x)(y) = 〈x+ y〉〈x〉〈y〉 .
We fix the normalized Haar measure dx on A by the condition
(15)
∫
A2
〈x; y〉dxdy = 1
and define a unitary operator F in the Hilbert space L2(A) corresponding to the
Fourier transformation with the integral kernel (in Dirac’s bra-ket notation)
(16) 〈x|F|y〉 = 〈x; y〉.
That means that
(17) 〈x|Ff〉 ≡ (Ff)(x) =
∫
A
〈x; y〉f(y) dy, ∀f ∈ L2(A).
Additionally, to any function g ∈ CA, we associate operators g(q), g(p) and g(p+q),
where the first one acts diagonally by multiplication by g, i.e.
(18) 〈x|g(q)f〉 ≡ (g(q)f)(x) = g(x)f(x), ∀f ∈ L2(A),
while the others are given by certain conjugations of the first one:
(19) g(p) ≡ Fg(q)F∗, g(p+ q) ≡ 〈q〉∗g(p)〈q〉.
Definition 1. A quantum dilogarithm over a self-dual LCA group A is a function
φ : A→ T which satisfies the relation
(20) φ(x)φ(−x) = φ(0)2〈x〉, ∀x ∈ A,
and the operator relation in the Hilbert space L2(A)
(21) φ(p)φ(q) = φ(q)φ(p + q)φ(p).
Proposition 1. The operator relation (21) is equivalent to the integral relation
(22) φ(x)φ(y) =
∫
A3
Qu,v,wx,y φ(w)φ(v)φ(u) d(u, v, w)
where
(23) Qu,v,wx,y ≡ γ
〈u − x;w − y〉
〈u− v + w〉 , γ ≡
∫
A
〈z〉dz.
Proof. We multiply from left the both sides of (21) by F∗ and calculate separately
the integral kernels of the right and left hand sides. By using definitions (18) and
(19), we have
(24) 〈x|F∗φ(p)φ(q)|y〉 = φ(x)〈x|F∗|y〉φ(y) = φ(x)φ(y)〈x; y〉
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and
(25) 〈x|F∗φ(q)φ(p + q)φ(p)|y〉 = 〈x|F∗φ(q)〈q〉∗Fφ(q)F∗〈q〉Fφ(q)F∗|y〉
=
∫
A4
〈x|F∗|w〉φ(w)〈w〉〈w|F|v〉φ(v)〈v|F∗ |z〉〈z〉〈z|F|u〉φ(u)〈u|F∗|y〉du dv dw dz
=
∫
A4
〈v − x;w〉
〈u; y〉〈w〉 φ(w)φ(v)φ(u)〈u − v; z〉〈z〉du dv dw dz
= γ
∫
A3
〈v − x;w〉
〈u; y〉〈w〉〈u − v〉φ(w)φ(v)φ(u) du dv dw
= γ
∫
A3
〈u− x;w − y〉
〈x; y〉〈u − v + w〉φ(w)φ(v)φ(u) du dv dw.
Equating (24) to (25), we obtain the integral relation (22). 
2.1. The generalized Faddeev–Volkov weight function. Following [3, 4], we
define the generalized Faddeev–Volkov weight function by the formula
(26) w(x, y) ≡ φ(x− y)
φ(x+ y)
〈x; y〉 = φ(x− y)φ(−x− y)
φ(0)2〈x〉〈y〉 ,
where the second equality reveals the symmetry property
(27) w(x, y) = w(−x, y) .
Proposition 2. The generalized Faddeev–Volkov weight function (26) satisfies the
following operator Yang–Baxter relation
(28) w(p, x) w(q, x+ y)w(p, y) = w(q, y)w(p, x+ y)w(q, x) .
Proof. We start by transforming the left hand side of (28):
(29) w(p, x) w(q, x + y)w(p, y)
=
φ(p− x)
φ(p+ x)
〈p;x〉φ(q − x− y)
φ(q + x+ y)
〈q;x + y〉φ(p− y)
φ(p+ y)
〈p; y〉
=
φ(p− x)
φ(p+ x)
φ(q − y)
φ(q+ 2x+ y)
φ(p− x− 2y)
φ(p− x) 〈p;x〉〈q;x + y〉〈p; y〉
=
φ(p− x)
φ(p+ x)
φ(q− y)
φ(q+ 2x+ y)
φ(p− x− 2y)
φ(p− x) 〈x;x + y〉〈q;x+ y〉〈p;x+ y〉,
and, similarly, the left hand side of (28):
(30) w(q, y) w(p, x+ y)w(q, x)
=
φ(q − y)
φ(q + y)
〈q; y〉φ(p − x− y)
φ(p + x+ y)
〈p;x+ y〉φ(q− x)
φ(q+ x)
〈q;x〉
=
φ(q − y)
φ(q + y)
φ(p− x− 2y)
φ(p+ x)
φ(q+ y)
φ(q + 2x+ y)
〈q; y〉〈p;x + y〉〈q;x〉
=
φ(q − y)
φ(q + y)
φ(p− x− 2y)
φ(p+ x)
φ(q + y)
φ(q + 2x+ y)
〈x;x + y〉〈q;x+ y〉〈p;x+ y〉.
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Comparing the obtained expressions, we conclude that (28) is equivalent to the
equality
(31) φ∗(p+ x)φ(p − x)φ(q − y)φ∗(q+ 2x+ y)φ∗(p− x)φ(p − x− 2y)
= φ(q − y)φ∗(q+ y)φ∗(p+ x)φ(p − x− 2y)φ(q+ y)φ∗(q+ 2x+ y)
where we have chosen specific orderings for the commuting terms. These orderings
allow us to apply the five term relation to the second and third terms as well as to
the forth and fifth terms simultaneously in both sides of the equality:
(32) φ∗(p+ x)φ(q − y)φ(p+ q− x− y)φ(p− x)
× φ∗(p− x)φ∗(p+ q+ x+ y)φ∗(q+ 2x+ y)φ(p− x− 2y)
= φ(q − y)φ∗(p+ x)φ∗(p+ q+ x+ y)φ∗(q+ y)
× φ(q + y)φ(p+ q− x− y)φ(p− x− 2y)φ∗(q+ 2x+ y)
and the forth and fifth terms cancel each other in both sides:
(33) φ∗(p+ x)φ(q − y)φ(p+ q− x− y)
φ(p+ q+ x+ y)
φ∗(q+ 2x+ y)φ(p− x− 2y)
= φ(q− y)φ∗(p+ x)φ(p + q− x− y)
φ(p + q+ x+ y)
φ(p − x− 2y)φ∗(q+ 2x+ y).
To proceed further, we multiply the both sides by the inverse of the first term of
the left hand side from the left and by the inverse of the last term of the right hand
side from the right:
(34) φ(q − y)φ(p+ q− x− y)
φ(p+ q+ x+ y)
φ∗(q + 2x+ y)φ(p− x− 2y)φ(q+ 2x+ y)
= φ(p+ x)φ(q − y)φ∗(p+ x)φ(p + q− x− y)
φ(p + q+ x+ y)
φ(p− x− 2y)
where we can apply again the five term relation to the last two terms of the left
hand side and the first two terms of the right hand side:
(35) φ(q − y)φ(p+ q− x− y)
φ(p+ q+ x+ y)
φ(p+ q+ x− y)φ(p− x− 2y)
= φ(q − y)φ(p+ q+ x− y)φ(p+ q− x− y)
φ(p+ q+ x+ y)
φ(p− x− 2y).
The obtained equality is trivially true because the middle terms are commuting. 
3. Non-operator forms of the Yang–Baxter relation
The standard non-operator form of the Yang–Baxter relation (28) is the star-
triangle relation. It can be obtained as follows.
We start by removing the operator p in (28)
(36) Fw(q, x)F∗ w(q, x+ y)Fw(q, y) = w(q, y)Fw(q, x+ y)F∗ w(q, x)F
and then equate the operator kernels
(37)
〈u|Fw(q, x)F∗ w(q, x+ y)F|v〉w(v, y) = w(u, y) 〈u|Fw(q, x + y)F∗ w(q, x)F|v〉.
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Inserting two decompositions of unity in each side,
(38)
∫
A2
〈u|F|s〉〈s|F∗|t〉〈t|F|v〉w(s, x)w(t, x+ y)w(v, y) d(s, t)
=
∫
A2
w(u, y)w(s, x+ y)w(t, x) 〈u|F|s〉〈s|F∗|t〉〈t|F|v〉d(s, t)
we obtain an integral identity
(39)
∫
A2
〈u; s〉〈t; v〉
〈s; t〉 w(s, x) w(t, x+ y)w(v, y) d(s, t)
=
∫
A2
〈u; s〉〈t; v〉
〈s; t〉 w(u, y)w(s, x+ y)w(t, x) d(s, t).
Now, we absorb the s-integrations by introducing a new weight function through
the Fourier transformation
(40) w˜(y, x) =
∫
A
〈y; z〉w(z, x) dz
(41)
∫
A
〈t; v〉 w˜(u− t, x) w(t, x+ y)w(v, y) dt
=
∫
A
〈t; v〉w(u, y) w˜(u− t, x+ y)w(t, x) dt,
then multiply the both sides by 〈−s; v〉 and integrate over v:
(42)
∫
A2
〈t− s; v〉 w˜(u− t, x)w(t, x+ y)w(v, y) d(t, v)
=
∫
A2
〈t− s; v〉w(u, y) w˜(u− t, x+ y)w(t, x) d(t, v)
where, in the left hand side the v-integrations can be absorbed into Fourier trans-
formed weight function, while in the right hand side, it produces the delta-function
δ(t− s) which allows to remove the t-integration:
(43)
∫
A
w˜(u− t, x) w(t, x+ y) w˜(t− s, y) dt = w(u, y) w˜(u− s, x+ y)w(s, x) .
This is the standard form of the star-triangle relation with the local ‘spin’-variables
taking their values in the group A.
3.1. The Weil transformation and IRF-models. Let B ⊂ A be a closed sub-
group such that
(44) B = B⊥ ≡ {x ∈ A | 〈x; b〉 = 1, ∀b ∈ B} .
We have a group homomorphism
(45) p : A→ Bˆ, p(x)(b) = 〈x; b〉
which induces a natural group isomorphism
(46) A/B ≃ Bˆ.
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We define a tempered distribution wˇ(s, t, x) ∈ S ′(A3) as the Weil transforma-
tion 1 of the generalized Faddeev–Volkov weight function
(47) wˇ(s, t, x) ≡
∫
B
w(s+ b, x) 〈t; b〉db
which is quasi B-invariant in the first argument
(48) wˇ(s+ b, t, x) = 〈−b; t〉 wˇ(s, t, x) , ∀(b, s, t, x) ∈ B ×A3
and B-invariant in the second argument
(49) wˇ(s, t+ b, x) = wˇ(s, t, x) , ∀(b, s, t, x) ∈ B ×A3.
These properties allow us to consider wˇ(s, t, x) as a section of a complex line bundle
over the LCA group (A/B)2. Being a specific case of the Fourier transformation,
the Weil transformation is invertible with the inverse transformation given by the
integral
(50) w(s, x) =
∫
A/B
wˇ(s, t, x) dt.
Using the Weil transformation, we can transform the integral identity (39) to a
form in terms of the function wˇ(s, t, x) as follows.
Proposition 3. The integral identity (39) is equivalent to the integral identity
(51) 〈u; p〉
∫
A/B
〈v − p; t〉 wˇ(p, u− t, x) wˇ(t, v − p, x+ y) wˇ(v, t− q, y) dt
= 〈v; q〉
∫
A/B
〈u− q; s〉 wˇ(u, s− p, y) wˇ(s, u− q, x+ y) wˇ(q, v − s, x) ds.
Proof. The initial procedure of transformation consists in splitting each integration
over A as integration over B followed by integration over A/B and removing the
integrations over B. By splitting the s-integrations in both sides of (39), we have
(52)
∫
A/B×B×A
〈u− t; s+ b〉〈t; v〉w(s+ b, x)w(t, x+ y)w(v, y) d(s, b, t)
=
∫
A/B×B×A
〈u− t; s+ b〉〈t; v〉w(u, y)w(s+ b, x+ y)w(t, x) d(s, b, t)
so that the b-integrations can be absorbed into the Weil transforms:
(53)
∫
A/B×A
〈u; s〉〈t; v − s〉 wˇ(s, u− t, x) w(t, x+ y)w(v, y) d(s, t)
=
∫
A/B×A
〈u; s〉〈t; v − s〉w(u, y) wˇ(s, u− t, x+ y)w(t, x) d(s, t).
1In the context of arbitrary LCA groups, that transformation in full generality first has been
introduced and used by A. Weil in his proof of the Plancherel formula [21]. In the particular case
of A = R and B = Z, the transformation subsequently was used in [12, 23].
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Repeating the splitting procedure for the t-integrations, we have
(54)
∫
A/B×A/B×B
〈u; s〉〈t+ b; v − s〉 wˇ(s, u− t, x) w(t+ b, x+ y)w(v, y) d(s, t, b)
=
∫
A/B×A/B×B
〈u; s〉〈t+ b; v − s〉w(u, y) wˇ(s, u− t, x+ y)w(t+ b, x) d(s, t, b)
and again absorbing the b-integrations into the Weil transformations:
(55)
∫
A/B×A/B
〈u; s〉〈t; v − s〉 wˇ(s, u− t, x) wˇ(t, v − s, x+ y)w(v, y) d(s, t)
=
∫
A/B×A/B
〈u; s〉〈t; v − s〉w(u, y) wˇ(s, u− t, x+ y) wˇ(t, v − s, x) d(s, t).
In the obtained integral equality, we now perform the Weil transformation over the
variable u, i.e. we shift u by b, u 7→ u+ b, then multiply both sides of the equality
by 〈b;−p〉 and integrate over b:
(56)
∫
A/B×A/B×B
〈b;−p〉〈u+ b; s〉〈t; v − s〉
× wˇ(s, u− t, x) wˇ(t, v − s, x+ y)w(v, y) d(s, t, b)
=
∫
A/B×A/B×B
〈b;−p〉〈u+ b; s〉〈t; v − s〉
× w(u+ b, y) wˇ(s, u− t, x+ y) wˇ(t, v − s, x) d(s, t, b).
In the right hand side of this equality, the b-integration can be absorbed into the
Weil transformation, while in the left hand side it produces the delta-function
δA/B(s− p) on the the group A/B which removes the s-integration:
(57) 〈u; p〉
∫
A/B
〈t; v − p〉 wˇ(p, u− t, x) wˇ(t, v − p, x+ y)w(v, y) dt
=
∫
A/B×A/B
〈u; s〉〈t; v − s〉 wˇ(u, s− p, y) wˇ(s, u− t, x+ y) wˇ(t, v − s, x) d(s, t).
We repeat the previous procedure for the variable v: shift v by b, u 7→ v + b, then
multiply both sides of the equality by 〈b;−q〉 and integrate over b:
(58) 〈u; p〉
∫
A/B×B
〈b;−q〉〈t; v − p+ b〉
× wˇ(p, u− t, x) wˇ(t, v − p, x+ y)w(v + b, y) d(t, b)
=
∫
A/B×A/B×B
〈b;−q〉〈u; s〉〈t; v − s+ b〉
× wˇ(u, s− p, y) wˇ(s, u− t, x+ y) wˇ(t, v − s, x) d(s, t, b).
This time, the b-integration in the left hand side is absorbed into the Weil trans-
formation, while in the right hand side it produces the delta-function δA/B(t − q)
which allows to remove the t-integration. The result is given by (51). 
Proposition 4. Let χ : A2 → T be a bi-character such that
(59) 〈x; y〉 = χ(x, y)χ(y, x).
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Then the function M: A3 → C defined by
(60) M(x, y, z) = χ(x, y) wˇ(x, y, z)
is quasi B-invariant in the first two arguments
(61) M(x, y + b, z) = χ(x, b)M(x, y, z),
M(x+ b, y, z) = χ¯(y, b)M(x, y, z), ∀b ∈ B,
and satisfies the following integral relation
(62)
∫
A/B
M(p, u− t, x)M(t, v − p, x+ y)M(v, t− q, y) dt
=
∫
A/B
M(u, s− p, y)M(s, u− q, x+ y)M(q, v − s, x) ds
Proof. First, we verify quasi-invariance properties:
(63) M(x, y + b, z) = χ(x, y + b) wˇ(x, y + b, z)
= χ(x, b)χ(x, y) wˇ(x, y, z) = χ(x, b)M(x, y, z),
and
(64) M(x+ b, y, z) = χ(x+ b, y) wˇ(x+ b, y, z)
= χ(b, y)〈−b; y〉M(x, y, z) = χ¯(y, b)M(x, y, z).
Next, we calculate the left hand side of (62) by substituting (60) and using (59):
(65)
∫
A/B
M(p, u− t, x)M(t, v − p, x+ y)M(v, t− q, y) dt =
∫
A/B
χ(p, u− t)
× χ(t, v − p)χ(v, t− q) wˇ(p, u− t, x) wˇ(t, v − p, x+ y) wˇ(v, t− q, y) dt
= χ(p, u)χ¯(v, q)
∫
A/B
〈v − p; t〉 wˇ(p, u− t, x) wˇ(t, v − p, x+ y) wˇ(v, t− q, y) dt
and, similarly, for the right hand side
(66)
∫
A/B
M(u, s− p, y)M(s, u− q, x+ y)M(q, v − s, x) ds =
∫
A/B
χ(u, s− p)
× χ(s, u− q)χ(q, v − s) wˇ(u, s− p, y) wˇ(s, u− q, x+ y) wˇ(q, v − s, x) ds
= χ¯(u, p)χ(q, v)
∫
A/B
〈u− q; s〉 wˇ(u, s− p, y) wˇ(s, u− q, x+ y) wˇ(q, v − s, x) ds.
Comparing (65) and (66), we obtain (51). 
Introducing the graphical notation
(67) a
b
c
dα β
= M(a− c, d− b, α− β)
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we rewrite (62) as a Yang–Baxter relation of IRF-type:
(68)
∫
A/B
a
bc
d
e f
g
α
β
γ
dg =
∫
A/B
a
bc
d
e f
h
α
β
γ
dh
with the identification of the variables
(69) x = α− β, y = β − γ, p = c− e, t = g − f,
v = c− a, u = d− f, s = c− h, q = b− f.
The essential feature of the obtained solution is that, in general, the IRF weight
function is not B-invariant but only quasi B-invariant. That means that the cor-
responding lattice QFT model carries a gauge symmetry given by independent
B-translations of local spin variables. However, this gauge symmetry trivializes in
the case of self-dual LCA groups of the form A = Bˆ×B, see below Subsection 4.3.
3.2. The Weil transform of the generalized Faddeev–Volkov weight func-
tion. Define the Weil transform of the quantum dilogarithm
(70) φˇ(x, y) ≡
∫
B
φ(x + b)〈y; b〉db, φ(x) =
∫
A/B
φˇ(x, y) dy.
Proposition 5. The Weil transform of the generalized Faddeev–Volkov weight func-
tion can be written as an integral of a product of Weil transforms of the quantum
dilogarithm through the following formula:
(71) wˇ(s, t, x) =
1
φ(0)2〈s〉〈x〉
∫
A/B
φˇ(s− x, y + t− s− ε)φˇ(−s− x, y) dy.
Proof. We have
(72) wˇ(s, t, x) =
∫
B
w(s+ b, x) 〈t; b〉db =
∫
B
φ(s+ b− x)φ(−s − b− x)
φ(0)2〈s+ b〉〈x〉 〈t; b〉db
=
1
φ(0)2〈s〉〈x〉
∫
B
φ(s+ b− x)φ(−s− b− x)〈t − s− ε; b〉db
where, in the second equality, we used the second formula in (26), while in the last
equality we used the fact that, due to the property B = B⊥, the restriction of the
Gaussian exponential of A to B is a character, i.e. there is an element ε ∈ A such
that
(73) 〈ε; b〉 = 〈b〉, ∀b ∈ B.
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Inserting now the inverse Weil transform for one quantum dilogarithm and, using
its quasi B-invariance property, we absorb the b-integration into the Weil transfor-
mation of the other quantum dilogarithm:
(74) φ(0)2〈s〉〈x〉 wˇ(s, t, x)
=
∫
A/B×B
φ(s+ b− x)φˇ(−s− b− x, y)〈t− s− ε; b〉d(y, b)
=
∫
A/B×B
φ(s+ b− x)φˇ(−s− x, y)〈y + t− s− ε; b〉d(y, b)
=
∫
A/B
φˇ(s− x, y + t− s− ε)φˇ(−s− x, y) dy.

4. Examples
In this section, we describe few concrete examples of quantum dilogarithms.
4.1. Faddeev’s quantum dilogarithm. The self-dual LCA group is A = R with
the Gaussian exponential and the Fourier kernel
(75) 〈x〉 = eπix2 , 〈x; y〉 = e2πixy,
and the quantum dilogarithm φ(x) = Φb (x) is described in the Introduction. The
Weil transformation, associated with the subgroup B = Z, in this case is also called
Weil–Gelfand–Zak (WGZ) transformation:
(76) φˇ(x, y) =
∑
k∈Z
φ(x + k)e2πiky.
It has been shown in [1] that φˇ(x, y) is a meromorphic function on C2. Choosing
χ(x, y) = eπixy, the IRF weight function is calculated by the formula
(77) M(x, y, z)
= φ(0)−2eπi(xy−x
2−z2)
∫ 1
0
φˇ(x − z, u+ y − x− 1/2)φˇ(−x− z, u) du
which, due to periodicity in u, can be thought of as an integral over a closed contour
in the complex plane. That means that it is a meromorphic function on C3.
4.1.1. The special value b = eπi/6. The result of meromorphicity of φˇ(x, y) obtained
in [1] can be illustrated explicitly in the special case where parameter b is fixed by
the value eπi/6 = (
√
3 + i)/2, corresponding to
(78) qb = −q¯b = ie−π
√
3/2
in (1). That value is such that φˇ(x, y) can be calculated explicitly by using Ra-
manujan’s 1ψ1 summation formula:
(79)
∑
k∈Z
(a; q)k
(b; q)k
zk =
(q; q)∞
(
b
a ; q
)
∞ (az; q)∞
(
q
az ; q
)
∞
(b; q)∞
(
q
a ; q
)
∞ (z; q)∞
(
b
az ; q
)
∞
, |b/a| < |z| < 1.
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Indeed, assuming
∣∣e2πix∣∣ < ∣∣e−2πiy∣∣ < 1, using the formula
(80) (xqn; q)∞ =
(x; q)∞
(x; q)n
,
and the notation
(81) θq(x) ≡
∑
k∈Z
qk
2
xk =
(
q2; q2
)
∞
(−qx; q2)∞
(−q/x; q2)∞ ,
we have
(82) φˇ(x, y) =
∑
k∈Z
(−q1+2k
b
e2πbx; q2
b
)
∞(
q1+2k
b
e2πb¯x; q2
b
)
∞
e−2πiyk
=
(−qbe2πbx; q2b)∞(
qbe2πb¯x; q2b
)
∞
∑
k∈Z
(
qbe
2πb¯x; q2
b
)
k
(−qbe2πbx; q2b)k
e−2πiyk
=
(
q2
b
; q2
b
)
∞
(−e2πix; q2
b
)
∞
(
qbe
2π(b¯x−iy); q2
b
)
∞
(
qbe
2π(iy−b¯x); q2
b
)
∞(
qbe2πb¯x; q2b
)
∞
(
qbe−2πb¯x; q2b
)
∞ (e
−2πiy; q2
b
)∞
(−e2πi(x+y); q2
b
)
∞
=
(
q2
b
; q2
b
)
∞
(−e2πix; q2
b
)
∞ θqb
(
−e2π(b¯x−iy)
)
(e−2πiy; q2
b
)∞
(−e2πi(x+y); q2
b
)
∞ θqb
(−e2πb¯x) ,
and the IRF weight function
(83) M(x, y, z) =
(
q2
b
; q2
b
)2
∞
(−e2πi(x−z); q2
b
)
∞
(−e−2πi(x+z); q2
b
)
∞
eπi(x2+z2−xy)φ(0)2θqb
(−e2πb¯(x−z)) θqb (−e−2πb¯(x+z))
×
∫ 1
0
θqb
(
e2πi(ib¯(z−x)+x−y−u)
)
θqb
(
−e2πi(ib¯(x+z)−u)
)
du(−e2πi(x−y−u); q2
b
)
∞
(
e2πi(u+y−z); q2
b
)
∞ (e
−2πiu; q2
b
)∞
(−e2πi(u−x−z); q2
b
)
∞
.
4.2. A quantum dilogarithm over A = R×Z/NZ. Let N be a positive integer.
A generalization of the previous example is the self-dual LCA group A = R×Z/NZ
with the Gaussian exponential and the Fourier kernel
(84) 〈(x,m)〉 = eπix2e−πim(m+N)/N , 〈(x,m); (y, n)〉 = e2πixye−2πimn/N .
The quantum dilogarithm found in [2] is of the form
(85) φ(x,m) =
N−1∏
j=0
Φeiθ
(
x√
N
+ i(1−N−1) cos(θ) − ie−iθ j
N
− ieiθ
{
j +m
N
})
where θ ∈]0, pi/2[, and {x} denotes the fractional part of x. The subgroup B
satisfying the condition B = B⊥ is isomorphic to Z and is generated by the element
(1/
√
N, 1). The bi-character, satisfying the condition (59) exists for odd N , and it
reads as
(86) χ((x,m), (y, n)) = eπixyeπi(1−N
−1)mn.
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4.3. Self-dual LCA groups of the form A = Bˆ ×B. In that case we write
(87) x = (xˆ, x˙) ∈ Bˆ ×B,
and we choose
(88) 〈x〉 = xˆ(x˙), 〈x; y〉 = xˆ(y˙)yˆ(x˙), χ(x, y) = yˆ(x˙).
The Weil transformation of the generalized Faddeev–Volkov weight function reads
(89) wˇ(x, y, z) =
∫
B
w((xˆ, x˙+ b), z) yˆ(b) db =
∫
B
w((xˆ, b), z) yˆ(b− x˙) db
= χ¯(x, y)
∫
B
w((xˆ, b), z) yˆ(b) db,
so that the IRF weight function, given by the formula
(90) M(x, y, z) =
∫
B
w((xˆ, b), z) yˆ(b) db = xˆ(z˙)
∫
B
φ((xˆ − zˆ, b− z˙))
φ((xˆ + zˆ, b+ z˙))
zˆ(b)yˆ(b) db,
is B-invariant in the first two arguments and thus there is no non-trivial gauge
symmetry in the corresponding IRF lattice QFT-model. Notice that in this weight
function the only variable z˙ which takes its values in the subgroup B enters as a
part of the spectral parameter.
4.3.1. The tropical quantum dilogarithm over A = T×Z. Let us choose A = T×Z
with
(91) 〈(z,m)〉 = zm, 〈(z,m); (w, n)〉 = znwm.
The simplest known quantum dilogarithm in that case is given by the following
‘tropical’ formula
(92) φ(z,m) = z(m)+ , (m)+ ≡ max(m, 0), ∀(z,m) ∈ T× Z.
For a function f ∈ CT×Z, the Weil transformation associated to the subgroup B = Z
reduces to taking the Fourier series over the second argument:
(93) fˇ((u,m), (v, n)) =
∑
k∈Z
f(z,m+ k)〈v, n; 1, k〉 =
∑
k∈Z
f(u,m+ k)vk
= v−m
∑
k∈Z
f(u, k)vk.
In the case of the tropical quantum dilogarithm (92), assuming that |u| < |v|−1 < 1,
we have
(94) vmφˇ((u,m), (v, n)) =
∑
k∈Z
φ(u, k)vk =
∑
k<0
vk +
∑
k≥0
(uv)k
=
∑
k≥0
v−1−k +
∑
k≥0
(uv)k =
1
v − 1 +
1
1− uv =
(u− 1)v
(v − 1)(uv − 1) .
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Choosing χ((x, k), (y, l)) = yk and assuming that max(|x|, |y|) < r < min(|z|, |xyz|),
we write for the IRF weight function
(95) M((x, k), (y, l), (z,m)) = yk wˇ((x, k), (y, l), (z,m))
=
yk
xkzm
∮
Tr/|y|
φˇ((x/z, k −m), (uy/x, 0))φˇ((1/xz,−k −m), (u, 0)) du
2piiu
=
yk
xkzm
∮
Tr/|y|
(x/z − 1)(uy/x)1−k+m
(uy/x− 1)(uy/z − 1)
(1/xz − 1)u1+k+m
(u− 1)(u/xz − 1)
du
2piiu
=
(x − z)(1− xz)
2pii
∮
Tr/|y|
uy(u2y/xz)m du
(uy − x)(uy − z)(u− 1)(u− xz)
=
(x− z)y(1− xz)
2pii(xyz)m
∮
Tr
v2m+1 dv
(v − x)(v − y)(v − z)(v − xyz) .
The contour integral here can be evaluated easily by the method of residues, but
the final formula is less compact. The same weight function, by using formula (90),
can also be written as a single sum over integers
(96) M((x, k), (y, l), (z,m)) = xm
∑
n∈Z
(x/z)
(n−m)+(xz)−(n+m)+(zy)n.
4.3.2. The DGG quantum dilogarithm over T × Z. Taking the same Gaussian ex-
ponential as in (91), a quantum dilogarithm over T× Z can be extracted from the
tetrahedron index of Dimofte–Gaiotto–Gukov [8]. The explicit formula is as follows:
(97) φ(z,m) =
(−q1−mz; q2)∞
(−q1−m/z; q2)∞
where q ∈]− 1, 1[ is a fixed parameter. The Weil transform of this function can be
calculated explicitly by using Ramanujan’s 1ψ1 summation formula (79). Indeed,
assuming that |u| < |v|−1 < 1, we calculate
(98) vmφˇ((u,m), (v, n)) =
∑
k∈Z
φq(u, k)v
k =
∑
k∈Z
(−q1+ku; q2)∞
(−q1+k/u; q2)∞
v−k
=
∑
k∈Z
(−q1+2ku; q2)∞
(−q1+2k/u; q2)∞
v−2k +
∑
k∈Z
(−q2ku; q2)∞
(−q2k/u; q2)∞
v1−2k
=
(−qu; q2)∞
(−q/u; q2)∞
∑
k∈Z
(−q/u; q2)
k
(−qu; q2)k
v−2k +
(−u; q2)∞
(−1/u; q2)∞
∑
k∈Z
(−1/u; q2)
k
(−u; q2)k
v1−2k
=
(
q2; q2
)
∞
(
u2; q2
)
∞
(− quv2 ; q2)∞
(−quv2; q2)∞
(−q/u; q2)∞ (−qu; q2)∞ (1/v2; q2)∞ (u2v2; q2)∞
+
v
(
q2; q2
)
∞
(
u2; q2
)
∞
(−1/uv2; q2)∞
(−q2uv2; q2)∞
(−1/u; q2)∞ (−q2u; q2)∞ (1/v2; q2)∞ (u2v2; q2)∞
=
(
q2; q2
)
∞
(
u2; q2
)
∞
(1/v2; q2)∞ (u2v2; q2)∞
(
θq(uv
2)
θq(u)
+ v
θq(quv
2)
θq(qu)
)
.
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Thus, assuming max(|x|, |y|) < r < min(|z|, |xyz|), the IRF weight function reads
(99) M((x, k), (y, l), (z,m)) = yk wˇ((x, k), (y, l), (z,m))
=
yk
xkzm
∮
Tr/|y|
φˇ((x/z, k −m), (uy/x, 0))φˇ((1/xz,−k −m), (u, 0)) du
2piiu
=
yk
xkzm
∮
Tr/|y|
(
q2; q2
)
∞
(
x2/z2; q2
)
∞
(
θq(y
2u2/xz)
θq(x/z)
+
yuθq(qy
2u2/xz)
xθq(qx/z)
)
(yu/x)k−m (x2/y2u2; q2)∞ (y2u2/z2; q2)∞
× uk+m
(
q2; q2
)
∞
(
1/x2z2; q2
)
∞
(1/u2; q2)∞ (u2/x2z2; q2)∞
(
θq(u
2/xz)
θq(1/xz)
+ u
θq(qu
2/xz)
θq(q/xz)
)
du
2piiu
=
(
q2; q2
)2
∞
(
x2/z2; q2
)
∞
(
1/x2z2; q2
)
∞
2pii(xz/y)m
×
∮
Tr/|y|
(
θq(y
2u2/xz)
θq(x/z)
+
yuθq(qy
2u2/xz)
xθq(qx/z)
)(
θq(u
2/xz)
θq(1/xz)
+ u
θq(qu
2/xz)
θq(q/xz)
)
u2m−1 du
(x2/y2u2; q2)∞ (u2y2/z2; q2)∞ (1/u2; q2)∞ (u2/x2z2; q2)∞
=
(
q2; q2
)2
∞
(
x2/z2; q2
)
∞
(
1/x2z2; q2
)
∞
2pii(xyz)m
×
∮
Tr
(
θq(v
2/xz)
θq(x/z)
+
vθq(qv
2/xz)
xθq(qx/z)
)(
θq(v
2/xy2z)
θq(1/xz)
+
vθq(qv
2/xy2z)
yθq(q/xz)
)
v2m−1 dv
(x2/v2; q2)∞ (v2/z2; q2)∞ (y2/v2; q2)∞ (v2/x2y2z2; q2)∞
.
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